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Abstract
In the analysis of survey data, sampling weights are needed for consistent estimation of the popu-
lation. However, the original inverse probability weights from the survey sample design are typically
modified to account for non-response, to increase efficiency by incorporating auxiliary population in-
formation, and to reduce the variability in estimates due to extreme weights. It is often the case that
no single set of weights can be found which successfully incorporates all of these modifications because
together they induce a large number of constraints and restrictions on the feasible solution space. For
example, a unique combination of categorical variables may not be present in the sample data, even
if the corresponding population level information is available. Additional requirements for weights to
fall within specified ranges may also lead to fewer population level adjustments being incorporated.
We present a framework and accompanying computational methods to address this issue of constraint
achievement or selection within a restricted space that will produce revised weights with reasonable
properties. By combining concepts from generalized raking, ridge and lasso regression, benchmark-
ing of small area estimates, augmentation of state-space equations, path algorithms, and data-cloning,
this framework simultaneously selects constraints and provides diagnostics suggesting why a fully con-
strained solution is not possible. Combinatoric operations such as brute force evaluations of all possible
combinations of constraints and restrictions are avoided. We demonstrate this framework by applying
alternative methods to post-stratification for the National Survey on Drug Use and Health. We also
discuss strategies for scaling up to even larger data sets. Computations were performed in R (R Core
Team 2017) and code is available from the authors.
Keywords: benchmarking, calibration, constrained optimization, LASSO, raking, range restrictions
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1 Introduction
Suppose a sample S of n individuals is taken from a population U of size N . We assign indicators δi ∈ {0, 1}
to each individual with probability of selection P (δi = 1) = pii. Often the probabilities pii are related to
the response of interest yi. The balance of information of the observed sample yi ∈ S is different from the
balance of information in the population yi ∈ U . We call such a sampling design informative. To account
for this imbalance, survey weights di = 1/pii are used to reduce bias. For example, an unbiased and
consistent estimate of the population mean is µˆ =
∑
S diyi/
∑
S di. Consistent estimation for more general
models can be based on the exponentiated likelihood: Lpi(θ) =
∏
S p(yi|θ)di . Use of this pseudo-likelihood
provides for consistent estimation of θ for a broad class of population models (Savitsky & Toth 2016).
Without weights d, estimates for µ and θ are often biased. However, direct use of weights d may
be problematic. For example, not all sampled units may respond. This may lead to bias or at least
under-estimation of totals. The use of sampling weights may also be inefficient, leading to larger variances,
particularly for sub-population estimates. Some of these issues may be ameliorated if external population
information is available (such as totals t2). Survey weights can then be adjusted to match population level
information d → w such that A2w = t2. Finally, weights can be bounded to increase the stability of
resulting estimates, w ∈ {1,M} for some bound M .
The focus of this work are insights and tools rooted in optimization, in particular the adjustment of
survey sampling weights to meet equality constraints and range restrictions (bounds). However, we first
consider the relationship between the optimization perspective presented here and the underlying goals of
inference from surveys and statistical models. The current work is complementary as it seeks to provide
tools to arrive at reasonable, usable weights, which can either be used directly or as an input to more
complex estimation methods (for example, see Chen et al. 2017)
1.1 Combining Auxiliary Data with Survey Data
Breidt et al. (2017) provide a thorough review of model-assisted estimators which combine survey data
and auxiliary information to estimate finite population parameters. Several methods can be reformulated
as weight adjustments (independent of the survey response); however, response-specific adjustments (or
collections of them) are often desirable. In both cases, variable selection may be needed, subsetting the
auxiliary variables (e.g. population totals) for exclusion or for possible penalization (Bocci & Beaumont
2008, Montanari & Ranalli 2009).
Consider a population mean y¯N and vectors of means of population auxiliary variables x¯N and a
sample vector from the population y′ = (y1, . . . , yn) with corresponding sample weight vector d and
matrix of auxiliary variables X. Then a least squares estimator yˆls = y
′d + y′ΩX(X′ΩX)-1(x¯N −X′d)
where Ω is a scaling matrix. This estimator can be formulated as a regression model (Isaki & Fuller 1982):
yˆls = y¯pi+(x¯N − x¯pi)′βˆls with y¯pi = y′d and x¯pi = X′d or as a weight adjusted Horvitz-Thompson estimator
(Deville & Sa¨rndal 1992): yˆls = y
′w with
w = d + ΩX(X′ΩX)-1(x¯N −X′d) = d + η = d + ΩXλ.
Here η = ΩXλ is an element-wise offset to the sampling weights and λ is the vector of Lagrange multipliers
needed to ensure the simultaneous constraints X′w = x¯N are met exactly.
While model-assisted estimation focuses on alternatives to the model (x¯N − x¯pi)′βˆls and inferences
based on βˆls = y
′ΩX(X′ΩX)-1 or difference estimators linked to y¯pi (Breidt et al. 2017), an optimization
perspective will focus on the Lagrange multipliers λ = (X′ΩX)-1(x¯N −X′d) and offset η to address the
complexities of constraints and restrictions on w and strategies for computation. For example, McConville
et al. (2017) use a LASSO technique to shrink the βˆls to 0, which leads to the exclusion of variables
(columns of X) and is dependent on the response y. We describe a method that shrinks the discrepancy
(x¯N −X′d) to 0 which leads to the inclusion of variables and is independent of y.
As an alternative to model-assisted estimation, a predictive modeling approach may be used to motivate
estimation of population quantities (Little 1993). Like model-assisted estimation, performance of methods
2
and the need for weights in analyses are typically dependent on the response y. Weight adjustment methods
that are applied to all responses will lead to varied results, increasing the variance of estimates unrelated to
the auxiliary information and decreasing the mean squared errors of estimates related to that information
(Little & Vartivarian 2005). Salgado et al. (2012) advocate for loosening the multipurpose requirement
(only one weight per observation, regardless of inference) but note several challenges to consider for official
statistics.
1.2 Modelling Concepts
Outside of survey sampling, the methods presented in this work have connections to penalized likeli-
hood and Bayesian formulations, which we briefly outline here. The linear calibrated weights w =
d + ΩX(X′ΩX)-1(t − X′d) are the solution to a minimization λ(w) = (w − d)′Ω-1(w − d) within the
constrained space X′w = t. If we assume the very simple model for z = X′w with z ∼ N(t, αΣ) and prior
distribution w ∝ N(d,Ω), then an estimate for w based on maximizing the posterior would be
wMAP = d + ΩX(X
′ΩX + αΣ)-1(t−X′d)
Scaling the matrix Σ-1 (or exponentiating the likelihood) by a factor α ∈ (1,∞) is analogous to observing
more data and thus increasing the importance of the likelihood relative to the prior. Since direct mea-
surement of individual wi never occurs in the likelihood, the posterior distribution p(w|z) converges to a
distribution on a simplex defined by X′w = t rather than to a degenerate point distribution. This is the
basis of the method of data cloning (Lele et al. 2007) to evaluate which parameters are identifiable for
maximum likelihood estimation by having distributions collapse to points where unidentifiable parameters
collapse to non-degenerate distributions instead of points. Alternatively, one could also propose that the
distribution for w is the likelihood and the distribution for z is actually a penalty. Then wMAP is also a
ridge estimator (Rao & Singh 1997). Tibshirani & Taylor (2011) consider the case when z has a Laplace
distribution centered at t = 0 and formulate a generalized LASSO.
While methods exist for inference on compositional data (see for example Aitchison 1982) and bench-
marked time series (Pizzinga 2010), results are based on linear projections and simple transformations. The
optimization perspective in this current work supplements this by considering more complicated support
w ∈ C ⊂ Rn which involves not only equality constraints, but also inequalities in the form of allowable
ranges. While the working models (or objective functions) may be quite simple, the support or ‘feasible
regions’ are complex. In particular, this work explores what can be done when these regions are empty
(i.e. no solution exists). Application of more sophisticated models could only follow after these complex
regions are explored and understood via simpler working models.
1.3 An Optimization Perspective
For simplicity of presentation, we focus on survey weight adjustment and refer to it broadly as calibration.
Calibration includes post-stratification and extreme-weight adjustment and may include certain types of
non-response adjustments (Sa¨rndal & Lundstro¨m 2005). A major difficulty in calibration could be referred
to as constraint identifiability and compatibility with other restrictions. A collection of constraints may be
internally inconsistent if the column rank of the predictor matrix is less than the number of predictors. For
example, the sample data may not contain observations for every crossing of demographic control variables,
such as Age by Race by State.
When including a restricted solution space such as w ∈ [l,u], even consistent constraints may lead to
an empty feasible region in which no set of points can satisfy all constraints. As an example, consider
the calibration of a set of sampling weights to meet a large number of targets such as demographic counts
crossed with geographic variables. Final weights are restricted to fall within a specified range or change a
certain percentage from the original sample weights to reduce the impact of extreme values and the increase
of variance due to unequal distribution of weights. The result of these additional restrictions is that the
feasible region, which would otherwise contain weights satisfying all these restrictions and constraints, is
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likely to be empty. One approach is to ignore this issue and provide algorithms for achieving a solution
when one exists (Singh & Mohl 1996). Variations of relaxing constraints have been developed (Rao &
Singh 1997, The´rberge 2000, Fetter et al. 2005, Montanari & Ranalli 2009, Bocci & Beaumont 2008, Park
& Fuller 2009, Breidt et al. 2017). Another approach would be to relax the restrictions (weight ranges)
or prioritize targets. This prioritization is then used to iteratively include targets or aggregate (collapse)
variable levels (Lamas et al. 2015, Chen et al. 2016).
Through a combination of insights from survey analysis and other areas of statistics such as path-
algorithms (Tibshirani & Taylor 2011, Zhou & Lange 2013) and data-cloning (Lele et al. 2007, 2010), we
present a new framework and accompanying tools for addressing the challenge of simultaneous optimiza-
tion and constraint selection. The focus shifts from finding one optimal solution to finding one or more
reasonable solutions which satisfy most of the constraints and restrictions. This framework provides the
flexibility to compromise in a systematic but customizable way including the
• Use of the most popular deviance (distance) measures
• Use of range restrictions for weights
• Use of point and interval constraints (controls)
• Ability to identify and target subsets of weights and constraints which may be driving non-existence
of a solution
Results are produced without combinatoric operations such as brute force evaluations of all possible com-
binations of inclusion/exclusion of constraints and restrictions. Instead, the user is provided with both a
partially constrained solution and diagnostics suggesting why a fully constrained solution is not possible.
In Section 2, we establish notation and examine a post-stratification example from the National Survey
on Drug Use and Health (NSDUH). Section 3 describes the general approach as a synthesis of conceptual
and computational tools. Section 4 revisits the NSDUH example in more detail. Section 5 discusses
experiences and suggestions for working with larger data sets. Section 6 provides ideas for future work
and points out areas where theory needs to be further developed. Section 7 reiterates the conclusions for
this work. Code for the implementation was created in R (R Core Team 2017) and is available from the
authors.
2 Motivating Example: Post-stratification for the National Survey on
Drug Use and Health
The following provides baseline notation for optimization which can be modified according to whether our
purpose is sample weight calibration:
• Let y represent the vector of original, unconstrained values (y = d for sample weights). We wish to
find the closest values x to y such that the linear constraints A1x = t1 are satisfied (for non-linear
constraints, see Section 6). We measure ‘closeness’ by a deviance δ1(x|y,Q1) with scaling matrix
Q1. The simplest example is the quadratic deviance (x− y)′Q1(x− y), but there are several other
reasonable choices (see Section 3).
• Additionally, we may impose a penalty to pull the linear combination A2x towards a ‘soft’ tar-
get t2 which does not have to be met exactly. The penalty can conveniently take the form of
αδ2(A2x|t2,Q2), which is a deviance scaled by a penalty factor α > 0.
• Finally, we impose restrictions on the solution x. For example, we want bl ≤ x ≤ bu or more generally
Rx ≤ b, where b = (bl,bu) are the lower and upper bounds and R is a matrix of indicators. This
is common for calibration where final weights are often required to be at least 1 and less than some
threshold to control for extreme values.
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As an example, we examine the final weight adjustment step for the 2014 National Survey on Drug
Use and Health (NSDUH), sponsored by the Substance Abuse and Mental Health Services Administra-
tion (SAMHSA). NSDUH is the primary source for statistical information on illicit drug use, alcohol
use, substance use disorders (SUDs), mental health issues, and their co-occurrence for the civilian, non-
institutionalized population of the United States. The final analysis weight is a product of five inverse
probabilities of selection corresponding to the five stages of nested sampling (three geographic, household,
individual) and weighting adjustments for non-response, post-stratification, and extreme weight trimming
at different stages (Chen et al. 2016). The final weighting model is a post-stratification to population
control totals and is performed separately for the nine US Census divisions.
For illustration, we focus on one model for the New England division. Table 1 summarizes the demo-
graphic variables used for the adjustment including the number of levels proposed and those achieved. The
comments for each variable set indicate all the deviations from the proposed variables due to convergence
problems (i.e. no solution) and enforcing a hierarchy of constraints (e.g. two-factor levels only included
for corresponding one-factor levels included). The process of performing this adjustment was iterative, in-
volving several adjustments when convergence or singularity issues were encountered. Out of 267 possible
population controls, 196 constraints were used. If we look at the rank of the observed variables in the
sample, the A matrix is 267 by 5791 and has an estimated rank of 257. Thus we expect to miss at least 10
constraints. Four predictors are not observed in the sample data. Then there are essentially 6 more vari-
ables than needed in the sample data. However, reducing the dimension any further is not straight-forward.
One reason why the number of achieved targets is lower than 257 is because each weight was restricted
to lay within a range of values, bounded away from 0. This additional restriction reduces the number of
possible constraints. After discussing the methods and general principles, we will revisit this example to
demonstrate that more constraints can be achieved while still maintaining the range restrictions for the
weights. Furthermore, this process can be performed in a minimally supervised way without stopping and
restarting to drop or collapse variables.
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Table 1: Covariates for 2014 NSDUH Person Weights (res.per.ps), Model Group 1: New England (see Chen
et al. 2016, Exhibit D1.5). Coll. Levels collapsed together; Conv. Model not convergent; Drop. Levels
collapsed into reference set; Sing./zero. Levels removed due to singularities or zero sample size; Keep.
Levels kept and the remainder dropped.
Variables Levels Proposed Final Comments
One-Factor Effects 20 20
Intercept 1 1 1 All levels present.
State 6 5 5 All levels present.
Quarter 4 3 3 All levels present.
Age 6 5 5 All levels present.
Race (5 levels) 5 4 4 All levels present.
Gender 2 1 1 All levels present.
Hispanicity 2 1 1 All levels present.
Two-Factor Effects 95 90
Age x Race (3 levels) 6 x 3 10 10 All levels present.
Age x Hispanicity 6 x 2 5 5 All levels present.
Age x Gender 6 x 2 5 5 All levels present.
Race (3 levels) x Hispanicity 3 x 2 2 2 All levels present.
Race (3 levels) x Gender 3 x 2 2 2 All levels present.
Hispanicity x Gender 2 x 2 1 1 All levels present.
State x Quarter 6 x 4 15 15 All levels present.
State x Age 6 x 6 25 25 All levels present.
State x Race (5 levels) 6 x 5 20 15 Coll. (2,3), (2,4) & (2,5), repeat
VT, coll. (4.3) & (4,4); conv.
State x Hispanicity 6 x 2 5 5 All levels present.
State x Gender 6 x 2 5 5 All levels present.
Three-Factor Effects 152 86
Age x Race (3 levels) x Hispanicity 6 x 3 x 2 10 8 Drop (5,2/3,1); conv.
Age x Race (3 levels) x Gender 6 x 3 x 2 10 8 Drop (5,2/3,1); conv.
Age x Hispanicity x Gender 6 x 2 x 2 5 5 All levels present.
Race (3 levels) x Hispanicity x Gender 3 x 2 x 2 2 2 All levels present.
State x Age x Race (3 levels) 6 x 5 x 3 50 12 Coll. (1,1,2) & (1,1,3), repeat age
levels 2, 3, and 4, coll. (2,1,2) &
(2,1,3), coll. (3,1,2) & (3,1,3), repeat
age levels 2 and 3, coll. (4,1,2) &
(4,1,3), repeat age levels 2 and 3,
coll. (5,1,2) & (5,2,3); sing./zero/conv.
State x Age x Hispanicity 6 x 6 x 2 25 12 Drop (1,5,1), (2,*,1), (3,4/5,1),
(4,5,1), (5,2/3/4/5,1);
sing./zero/conv.
State x Age x Gender 6 x 6 x 2 25 25 All levels present.
State x Race (3 levels) x Hispanicity 6 x 3 x 2 10 4 Coll. (1,2,1) & (1,3,1), coll. (3,2,1) &
(3,3,1), keep (4,2,1), (4,3,1),
drop others; conv.
State x Race (3 levels) x Gender 6 x 3 x 2 10 6 Drop (2,2/3,1), (5,2/3,1); conv.
State x Hispanicity x Gender 6 x 2 x 2 5 4 Drop (5,1,1); conv.
Total 267 196
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3 General Approach
This section breaks the framework into individual components. We first discuss the conceptual formulation
and the versatility of the deviance measure (Section 3.1). We then discuss computational strategies for
solving a simplified optimization without penalties (Section 3.2). We next demonstrate how to extend this
functionality to include penalization (Section 3.3). Lastly, we combine all components (Section 3.4) to
create a general strategy demonstrated in more detail for the NSDUH example (Section 4).
3.1 Choices for Deviances
First, consider penalization and equality constraints without the additional restrictions on ranges or round-
ing. The objective function would take the form:
min
x1
{δ1(x1|y,Q1) + αδ2(A2x1|t2,Q2)} , s.t. A1x1 = t1. (1)
We can make the following connections:
• αδ2 can be seen as a deviance on the transformed variables x2 = A2x1, with scaling matrix αQ2.
• The equality constraint A1x1 = t1 is equivalent to having another penalty βδ3(A1x1|t1,Q3) with
β →∞
Thus each of the three pieces in the optimization above is related to a deviance δ.
We highlight the quadratic and three other popular choices of smooth deviances and describe the critical
non-smooth absolute difference deviance and its extensions. The smooth deviances are differentiable at
0 and can all be considered as members of a general class corresponding to adjustments which take the
unconstrained value y and apply element-wise adjustments η(A, t) to obtain the constrained x = h[η]
where [.] signifies element-wise operations inside. Deville & Sa¨rndal (1992) formulate the adjustment as
multiplicative: h[η] = [yg[η]]. However this is awkward for some deviances, such the quadratic whose
adjustment is clearly additive: h[η] = y + η vs. g[η] = 1 + [η/y]. Instead, we generalize slightly by
removing this multiplicative formulation and working with h[η] directly instead of g[η]. The non-smooth
deviances are critical for regression coefficient and constraint selection (Zhou & Lange 2013, Nocedal
& Wright 2006). They are not differentiable at 0, making computation and analytical properties more
complex. However, they can be expressed as the limit of iteratively rescaling members of the smooth
deviance class (See Section 3.3).
3.1.1 Smooth Deviances
The four most popular smooth deviances are (i) the quadratic deviance, (ii) the Poisson deviance, (iii) the
discrimination information deviance, and (iv) the logistic deviance.
The quadratic deviance has the simplest form δ(x|y,Q) = (x− y)′Q(x− y) with symmetric, invertible,
and usually positive definite or semi-definite scaling matrix Q. Final solutions x can be expressed as the
element-wise additive adjustment x = y + η with x,y ∈ Rn. The quadratic deviance is used to obtain
the restricted least squares estimator (Greene 2000), the generalized regression estimator (Isaki & Fuller
1982), and the ridge estimator (Rao & Singh 1997) when used as a penalty.
The Poisson deviance corresponds to the pseudo empirical likelihood (Chen & Sitter 1999, Chen et al.
2002) with δ(x|y,Q) = 1′ 〈q〉 [y log[y/x]− y + x] where 〈q〉 is a diagonal matrix, usually positive definite
and full rank. The solution x is a product of the unconstrained y and a multiplicative adjustment x =
[y/(1− η)] with x,y ∈ Rn+. This is sometimes referred to as the Likelihood approach.
The discrimination information deviance (Ireland & Kullback 1968) is also known as the Kullback-
Leibler divergence and is sometimes referred to as exponential tilting (Kim 2010). It is the measure
being minimized by the procedure known as iterative proportional fitting or ‘raking’ (Deming & Stephan
1940). Raking has many applications, including the adjustment of vector-valued cells (Peitzmeier et al.
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1988). This deviance measure is very similar to the Poisson deviance with the roles of x and y switched:
δ(x|y,Q) = 1′ 〈q〉 [x log[x/y]− x + y]. This leads to an appealing element-wise multiplicative adjustment
x = [y exp[η]] with x,y ∈ Rn+. Combining the Poisson and the discrimination deviances, a symmetric
deviance is achieved: δ(x|y,Q) = 1′ 〈q〉 [(x− y) log[x/y]].
The logistic deviance was presented by Deville & Sa¨rndal (1992) as one approach to keep weights within
specified bounds:
δ(x|y,Q,bl,bu) = 1′ 〈q〉 [(x− bl) log[(x− bl)/(y − bl)] + (bu − x) log[(bu − x)/(bu − y)]]
with limits x,y ∈ [bl,bu]. Often, the logistic deviance is parameterized in terms of a ratio adjustment to y
with bounds b∗l ≤ 1 ≤ b∗u (Deville & Sa¨rndal 1992, Folsom & Singh 2000). Starting from δ(x|y,Q,bl,bu),
the logistic deviance could be motivated as a combination of shifted and reflected discrimination information
deviances. However its name and purpose are more obvious when viewing the relationship between the
final x and the adjustments to y: x = Φlog
[
η + Φ-1log [(y − bl)/(bu − bl)]
]
(bu − bl) + bl where Φlog is the
probability function for a logistic random variable, Φ-1log is the quantile function, and φlog is the density
function. The solution x is a scaled, shifted, and re-centered probability function. Evaluating the logistic
distribution functions:
x =
(
(y − bl)eη
(bu − y) + (y − bl)e
η
)
(bu − bl) + bl = bl(bu − y) + bu(y − bl)e
η
(bu − y) + (y − bl)eη
The formulation on the right (Deville & Sa¨rndal 1992) tends to obscure the connection to distribution
functions. However, retaining the connection has benefits: (i) It suggests trying alternative symmetric
distributions such as Gaussian, Laplace, students t, etc. Asymmetric distributions might also be used. This
would be analogous to alternatives to logistic regression such as probit regression. In practice, there may
be little difference in results, but some distributions might lead to computational efficiencies or increased
stability. (ii) Using distribution functions directly in computation is more stable, because they are defined
on the extended real numbers. For example, the expression eη/(1 + eη) yields ‘not a number’ results for
software when η =∞ and unstable results when η is very large. In contrast, statistical software correctly
maps Φlog(−∞) = 0 and Φlog(∞) = 1 and tolerates large finite inputs. The same is true for density
functions. Therefore some scaling and centering tricks needed to stabilize the computation using the
formulation of Deville & Sa¨rndal (1992) become unnecessary when using the distributional formulation.
3.1.2 Non-smooth Deviances
We now consider non-smooth deviances based on the absolute difference function. The absolute difference
measure and its variants are used for quantile estimation (Koenker & Hallock 2001) and controlled rounding
problems (Cox & Ernst 1982). It is particularly useful as a non-smooth penalty in LASSO regression
(Tibshirani 1996) and constrained optimization (Nocedal & Wright 2006), because non-smooth functions
can achieve subset selection (such as forcing regression coefficients to zero) for finite penalties (α). The
deviance δ(x|y,Q) = 1′ 〈q〉 |x− y| is simple, but the expression for x is more complicated. Fortunately,
we can solve for x by iteratively rescaling a quadratic deviance (Fan & Li 2001, Lange et al. 2000, Hunter
& Lange 2004). Then xk = y + η(xk−1), for iterations k = 1, 2, . . .
It can happen that the input y is specified as an interval [yl,yu] rather than a point. The most
useful case occurs when we use the penalty deviance δ2(A2x1|t2,Q2) from system 1. For example, we
may want to loosen the bounds on the total number of people reporting two or more race categories
for a state by specifying an acceptable range rather than a specific target: t2 ∈ [tl, tu]. Then any final
weights x1 which leads to an estimate A2x1 ∈ [tl, tu] will be equally acceptable by having the same
minimum value for the penalty function δ2(A2x1|t2,Q2). In order to implement this, we can extend the
absolute difference measure centered on the point y to a measure centered at intervals: δ(x|yl,yu,Q) =
1′ 〈q〉 [|x− yl|+ |x− yu| − |yu − yl|]. The last term is fixed with respect to x, so we can equivalently use:
δ(x|yl,yu,Q) = 1′ 〈q〉[|x− yl|+ |x− yu|] = δ(x|yl,Q) + δ(x|yu,Q),
8
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Figure 1: Non-smooth absolute difference (left) and smooth quadratic (right) penalties. One-piece centered
a x = 1 (top) and two-piece centered at x = 0.5, 1.5 (bottom) for α = 1, 2, 4, 8, 16, 32 (blue to yellow).
which is equal to the sum of two absolute difference deviances centered at points yl and yu with common
scaling 〈q〉. As α increases, the penalty outside [yl,yu] becomes steeper, forcing values closer to the interval
(Figure 1). In contrast, using a two-piece quadratic penalty at yl and yu will not achieve the desired effect.
It is equivalent to using a single quadratic penalty at midpoint y = (yl + yu)/2, with rate 2α vs. the
usual α. For this ‘interval deviance’, there is clearly not a unique minimizer x. This is not a problem if
used as a penalty αδ2 as proposed above instead of the base measure δ1. For our example, we can stack
δ2(A2x1|tl,Q2) and δ2(A2x1|tu,Q2), doubling the number of penalty terms (See Section 3.3). The analogy
would be to have a flat ridge in the likelihood δ2, but have identifiability of parameters maintained due to
the prior distribution δ1. In this case, a unique maximizer of the likelihood would not exist, but a unique
maximizer of the posterior distribution would exist.
In addition to using the deviances mentioned, we can also partition x′ = [x′1,x′2] and apply distinct
deviances to each partition (for example logistic to x1 and quadratic to x2). The adjustment vector η is
applied element-wise to the unconstrained value y to obtain x. This does not mean that each element of the
η adjustment vector is independent of each other or of y. It means that the final step of solving for x is an
element-wise operation, so we can compartmentalize the process to create mixed deviances. In other words,
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we can use distinct deviance families δ1(x1) and δ2(x2) but treat them in abstract for computation as δ(x).
The real benefit here is the computational compartmentalization, where the first partition is the weights
and the second are the controls (linear combinations of weights). The mixed deviance formulation allows
us to implement different families of deviance measures for these two pieces. For example, we can now use
a logistic deviance on the weights δ1 and a quadratic (or absolute difference) penalty on the controls δ2.
3.2 Solution Equations and Solvers
The four smooth deviances each have the following properties: The derivatives ∂xδ(x|y,Q) = Qδ(1)(x|y)
can be decomposed into a scaling matrix (Q or 〈q〉) times a vector of element-wise functions on x and y.
In particular, we define η = δ(1)(x|y). Then we have x = h[η|y] where h is the element-wise inverse of
δ(1)(x|y). Next we consider the simplified optimization:
min
x
{δ(x|y,Q)} , s.t. Ax = t (2)
Using the method of Lagrange Multipliers (see, for example Stewart 2011), a solution x will satisfy the
condition that the derivatives of the objective function are parallel (equal up to a set of scaling factors λ
to the derivatives of the constraint function: Qδ(1)(x|y) = A′λ then δ(1)(x|y) = Q-1A′λ. Then applying
h[.] and A to each side, we arrive at solution equations for x and λ:
x=h[Q-1A′λ]
t=Ah[Q-1A′λ] (3)
For the quadratic deviance, h[η] = y + η, so the solution is closed form
x = y + Q-1A′(AQ-1A′)-1(t−Ay). (4)
Otherwise, a solution can be found via iterative methods. From the set of equations (3), it can be shown
that the solution x is invariant to full rank rotations of the rows of A. For example, changing the reference
levels for categorical variables within A will lead to identical results, as one might expect. It also can be
shown that the solution x is invariant to multiplication by a finite scalar. Thus differential scaling by a
vector is needed to produce alternative values for x. There is an equivalence between replacing rows and
columns in Q with zeros and adding equality constraints of the form xi = yi to the A matrix (Williams &
Berg 2013), which can also be used to produce modified solutions x (See Section 3.3).
To solve for x in (3), we can apply Newton’s Method to solve for λ (Stewart 2011). After convergence,
we then evaluate x = h[ηj ] directly. For the four smooth deviances, the Newton step will be:
λj+1 = λj +
[
AQ-1
〈
h(1)[ηj ]
〉
A′
]-1 × (t−Ah[ηj ]) (5)
with ηj = Q-1A′λj and ∂ηh(η) =
〈
h(1)[η]
〉
is diagonal. This is a direct application of Newton’s method and
is essentially the same as in Deville & Sa¨rndal (1992), with the matrix operations expressed more explicitly.
It can also be expanded to a two-level method when constraints are non-linear (Williams & Berg 2013).
Functions h and h(1) for each of the smooth deviances are provided in Table 2, which extends Table 1 in
Deville & Sa¨rndal (1992) by providing h(1) needed for computation and including explicit expressions for
the logistic deviance in terms of the distribution functions.
Range restrictions of the form bl ≤ x ≤ bu can be incorporated in at least two ways. (i) We could
choose the quadratic deviance and use quadratic programming approaches. The general quadratic program
solves the following:
min
x
{
x′Qx/2 + x′c
}
, s.t. A1x = t and A2x ≥ b (6)
In our case c = −Qy would correspond to the quadratic deviance. One major drawback for the application
of weight adjustment is that inequalities for each xi need to be added as rows of A2. For more technical
details and a variety of methods to solve for x, see Chapter 16 of Nocedal & Wright (2006).
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Table 2: Mappings x = h[η|y] and derivatives h(1)[η|y] for four smooth deviances.
Deviance h[η|y] h(1)[η|y]
Quadratic y + η 1
Poisson y[1− η]-1 y[1− η]-2
Discrimination y exp[η] y exp[η]
Logistic Φlog [η + µ] (bu − bl) + bl φlog [η + µ] (bu − bl)
µ = Φ-1log [(y − bl)/(bu − bl)]
(ii) Alternatively, we can choose the logistic deviance which automatically enforces bl ≤ x ≤ bu. In
contrast to quadratic programming, it does not increase the number of equations needed. We recommend
Newtons method for the applications discussed here due to its speed and flexibility and the availability of
good starting points (Section 5). Modifications to the Newton method, such as the line search or trust
region methods, may improve stability and convergence at the cost of reduced speed and added complexity
(Nocedal & Wright 2006). The techniques in the remainder of this section manipulate equation systems 2
and 3 and therefore apply to both the Newton method and quadratic programming methods.
3.3 Augmentation, Scaling, and Rescaling
A key insight from system 1 is that all three pieces of the optimization (deviance, penalty, and equality
constraints) are related. We can now reparameterize the original objective 1 as a much simpler form 2
which does not have explicit penalty terms (note labels x1 and x2):
minx1 {δ1(x1|y1,Q1) + αδ2(A2x1|t2,Q2)} , s.t. A1x1 = t1,
≡ minx {δ(x|d,Q)} s.t. Ax = t. (7)
We first parameterize x2 = A2x1 centered at y2 = t2. We then stack x
′ = [x′1,x′2] and y′ = [y′1,y′2]. Next
we define the block-diagonal scaling matrix Q = 〈Q1, αQ2〉. We incorporate the constraints A1x1 = t1 and
A2x1−x2 = 0 with constraint matrix A =
[
A1 0
A2 -I
]
, targets t′ = [t′1,0′], and multipliers λ
′ = [λ′1,λ
′
2].
Here we note that if A1 is full (row) rank, then A will also be. This is the basis of the ridge stabilization
method for the quadratic (Rao & Singh 1997, Montanari & Ranalli 2009) and other deviances (Bocci
& Beaumont 2008) and the related mixed model formulation (Park & Fuller 2009, Breidt et al. 2017).
Ridge stabilization has t1 empty with all controls in t2. The mixed model formulation has ‘fixed’ controls
in t1 and ‘random’ controls in t2. By distributing the penalty term into the augmented base measure
and the augmented equality constraints, the objective function is now parameterized as the simplified
second line of equation 7 and the optimization methods in Section 3.2 can be directly applied. Like other
augmented or latent-variable methods, such as the Expectation Maximization algorithms (Dempster et al.
1977) and the Gibbs sampler for probit regression (Albert & Chib 1993), this approach trades an increase
in dimension for simplicity and more direct computation. If we require additional range restrictions we
have at least two ways to generate solutions for system 2; the Newton method for logistic deviance and
quadratic programming for the quadratic deviance. These would also provide reasonable starting points
when using the other deviances both in terms of initial values for x and in identification of active constraints
to include in t1 vs. t2. The augmented form 7 also allows for direct manipulation of the scaling factors
Q2 corresponding to targets.
Although typically thought of as weights (e.g. weighted least squares), we refer to Q and its diagonal
version 〈q〉 as scaling factors to avoid confusion when working with sampling weights (y = d and x = w).
There are often default choices for Q such as the identity matrix or the inverse of a variance-covariance
matrix. In addition, we can manipulate and rescale portions of Q to introduce additional functionality into
our original system 3. To see how the scaling matrix Q relates to other system components, we first partition
11
x′ = [x′A,x
′
C ]. The corresponding scale matrix is then Q =
[
QA QB
Q′B QC
]
. Next we define Q0 =
[
QA 0
0′ 0
]
and Qα =
[
QA α
ρQB
αρQ′B αQC
]
for α > 0 and ρ < 1/2. Based on these alternative Q matrices, we have two
very useful properties: (i) Using the Moore-Penrose generalized inverse Q-0 =
[
Q-1A 0
0′ 0
]
in place of Q-1
in the solution equations (3) is equivalent to adding the equality constraint xC = yC (Williams & Berg
2013). (ii) Replacing Q-1 with Q-1α in system 3 penalizes xC 6= yC by a factor α. As α → ∞, Q-1α → Q-0
(See Appendix A). Thus the limit of penalized equations is equality constrained equations.
As mentioned in Section 3.1.2, the non-smooth deviances may be considered extensions of the smooth
deviances. Since the absolute difference deviance is not differentiable at x = y, it does not fit directly
into the simple derivative-based approach 3. However, we can solve this system iteratively by using
a smooth deviance and rescaling Q. In particular, we can use the quadratic deviance δ(xi+1|y,Q) =
(xi+1 − y)′ 〈κi〉-1 〈q〉 (xi+1 − y) where we update κi = |xi − y| and solve for xi+1 until convergence.
This can be justified analogously to the implementation of penalized least squares as local quadratic
approximations (Fan & Li 2001) or more generally as minimizing a local bounding function (Lange et al.
2000, Hunter & Lange 2004). Here the absolute difference deviance is iteratively bounded locally by a
quadratic deviance δ(xi|y,Q), which is then minimized and replaced by an updated bounding deviance
δ(xi+1|y,Q). Although a value of κ0 = 1 is a good starting point, if we repeat the process for slightly
different values of Q = αk 〈q〉, using values of x (and λ) from similar values of αk−1, then convergence
may occur more rapidly and iterations would be more stable for large α (See Section 5).
3.4 Synthesis
Combining the conceptual and computational components of the previous sections, we propose a general
strategy which caters to exploratory investigations but can be adjusted for operational production.
Identify Conflicting Targets and Plausible Ranges for Weights
A common starting point for a new weight calibration process is to first use the quadratic deviance and
all targets of interest without any range restrictions. (Chen et al. 2002) suggests using the original weights
and initial solutions along with a bisection type approach to relax targets while trying to achieve more
range restrictions. However, there may be problems with even getting a solution (α = ∞) if too many
targets are specified or corresponding cell counts are small. We can construct a more informative path
from y = d to x = w, and explore trade-offs between how close a target needs to be versus how many
boundaries are crossed and the increase in dispersion of the weights for a given α.
In particular, we start with a quadratic deviance δ1 and quadratic penalty δ2. Using the augmentation
and scaling techniques of Section 3.3, we set A = [A1, -I] with A2 = A1, y2 = t1 and t = 0. Thus all
targets t1 are set to penalties. If we wanted to enforce some constraints exactly, such as the sum of the
weights, we could use the more general form of A. As a default, we might choose Q1 ∝ 〈y1〉-1 and Q2 ∝ I
which puts the weights on a relative scale and controls on an absolute scale. We select α from a grid of
2k with k ∈ {−m, . . . ,m}. We then set Q = 〈Q1, αQ2〉 and solve 7 for each α. Evaluating A1x(α) scaled
by t1 and x(α) vs. α provides useful representations of how weights change and targets are approached
as the penalty increases. They indicate when targets cannot be met and when boundaries for weights are
crossed. Evaluating weight dispersion vs. α also provides an indication of potential increase in variances
of estimates. When not all targets are met, iteratively rescaling Q2 by κ
i = |xi2 − t1| will provide an
alternative path in which a subset of these targets can be met at the expense of pushing others farther
away.
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Enforce Range Restrictions
After using the quadratic deviance to explore the relationship between the targets and weights, we should
have a better idea of which weight ranges are plausible. As noted in Section 3.2 we can use either the
logistic deviance or quadratic programming. For quadratic programming, we use the augmented equations
with both the deviance and the penalty as quadratic. We use the same A, y, t, and Q2 inputs. For the
Newton method, we use a mixed deviance by combining a logistic deviance for the weights with a quadratic
penalty for the targets and choose Q1 ∝ I.
Replace point targets with interval targets
In addition to range restrictions, interval targets of the form tl ≤ A2x ≤ tu may be applicable. For
example, the estimate of farm land in a county must be between 0 and the total size of the county.
Alternatively, controls for small domains often have non-negligible measurement error. Enforcing these
inequalities exactly can be accommodated directly with quadratic programming. However, this approach
may lead to an empty feasible region. Instead, we can enforce a set of interval penalties. As described in
Section 3.1, an absolute difference penalty on the interval [tl, tu] can be enforced by applying an absolute
difference penalty at each of the end-points with a common scaling factor for both. Analogous to the point
version, this will pull non-compliant targets towards control bounds.
4 NSDUH Post-stratification
We revisit the example from Section 2, the 2014 NSDUH final post-stratification step for the New England
division. Of the 267 potential controls, Table 1 shows that 196 were met, missing 71 controls. However,
this count is too low, because some control categories were collapsed. In a strict sense, 105 controls were
missed. Table 3 shows that virtually all these missed controls involved Race, either as a 5-level or 3-level
recode. As mentioned in Section 2, the rank of the predictor matrix A is estimated as 257, so we expect
that a solution that misses more than 10 but fewer than 105 controls is possible. The current NSDUH
analysis weights (AW) are obtained by fitting a logistic deviance with specified upper and lower bounds
based on the distribution of the weights from previous adjustment steps and the need to control for extreme
weights. For simplicity and comparability, we use the same bounds for the alternatives presented here.
Since this is an annual survey rather than a new data collection, the first step in Section 3.4, identifying
conflicting targets (Race) and plausible ranges for weights, has already been done for us. We compare
several alternatives which all enforce the provided range restrictions for every weight:
• LL1: Logistic deviance base measure for the weights with absolute difference penalty for the targets.
• LL1N: Same as LL1, with interval penalties used for all Race factors and interactions. Intervals are
±5% of the Census control total.
• LL2: Logistic deviance base measure for the weights with quadratic penalty for the targets
• QPL2: Quadratic deviance base measure for the weights with quadratic penalty for the targets with
equal scaling and additional restrictions for weights enforced by augmenting the constraint matrix
and using quadratic programming methods.
For simplicity, comparisons in Table 3 are based on the number of targets missed, defined in terms of being
(i) within rounding (nearest 1,000) of the Census total, or (ii) within 5% of the target. As discussed in
Section 1, there are other ways to evaluate weights and the impact on estimation; however, the purpose of
this example is identify the space of achievable models (controls) rather than to compare the performance
of models, which is a natural next step in an analysis. The LL1 appears to achieve many more controls than
AW, missing only 53 in total. If we also include targets that are within 5% of their Census controls, than all
but 34 constraints are met. LL1N provides a small improvement over LL1 leading to 30 constraints being
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outside of 5% of the target. Figure 2 displays the solution paths for the constraints related to race for both
LL1 and LL1N. Both have similar results; however, where race controls using LL1N are collapsed exactly
to their targets at 100% (when achieved), race controls using LL1N are less restricted, often collapsing
only to the boundary values of 95% and 105%. This allows for some additional flexibility leading to some
missed controls moving a little closer to their target values. Figure 2 also reveals that some race by age by
state controls are fixed at 0. These controls have no observations in the sample, but have population level
targets that are non-zero. They represent unachievable targets (rank deficient A) which could be removed.
However, it is comforting that the procedure is robust to a certain amount of these inconsistencies and can
easily identify them graphically.
Both the LL2 and QPL2 methods lead to very similar results with the same number of targets being
missed per variable. They do much worse than the L1 methods in terms of exactly meeting targets, missing
142, but do well keeping targets within 5% of the control, with only 44 falling outside this range. The main
advantage of the L2 methods are that they are simpler to implement. However, the L1 methods are just
modified L2 methods (as in Section 3), so they are also relatively simple. For a relative speed comparison,
the LL1 and LL1N methods each took under 30s to run on a personal computer using sparse matrices with
the ‘Matrix’ library (Bates & Maechler 2017) in R (version x64 3.4.2, R Core Team 2017) and a single
processor thread using values α = 2k with k ∈ {−14, . . . , 15}. The added RAM used was negligible to
the overhead from loading R and the data set. The LL2 method ran in about 4s over the same α values.
The QPL2 method took around 4 hours to run using ‘solve.QP’ from the ‘quadprog’ package (Turlach &
Weingessel 2013), requiring an extra 1 to 2GB of RAM depending on the α iteration. The QP method
could only use dense matrices and required over 11,000 additional constraints, two for every weight.
We note that all the alternatives presented in Table 3 have one level of the one-factor Race variable
which missed its target. The final weights (AW) do hit this target, because the NSDUH models are fit in
succession with the one-factor models, followed by the two- and three-factor. Hierarchical rules are enforced
for AW, so models with higher level interactions are forced to include the same levels as the previous lower
level models. In contrast, the alternatives presented here are direct simultaneous implementations. Forcing
some constraints to be met exactly can be implemented by using distinct A1 and A2 matrices as presented
in general in Section 3, rather than the special case of A2 = A1 used here for simplicity of discussion.
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Table 3: Demographic variables for final post-stratification for New England for the 2014 NSDUH. AW.
Final analysis weight. LL1. Logistic deviance and absolute difference penalty LL1IN. Same as LL1
with interval penalty for all Race variables (±5%) LL2. Logistic deviance and quadratic penalty QPL2.
Quadratic programming with quadratic penalty. 1 Variables with weighted totals more than 1 unit (1,000s)
different from Census total. LL1N race categories are missed if weighted totals are more than 1 unit outside
the (±5%) interval. 2 Variables with weighted totals more than 5% different from Census totals.
Missed1 Missed by > 5%2
Variable Levels AW LL1 LL1IN LL2 QPL2 AW LL1 LL1IN LL2 QPL2
One-Factor Effects 20 0 1 1 6 6 0 1 1 1 1
Intercept 1 0 0 0 0 0 0 0 0 0 0
State 5 0 0 0 1 1 0 0 0 0 0
Quarter 3 0 0 0 0 0 0 0 0 0 0
Age 5 0 0 0 1 1 0 0 0 0 0
Race (5 levels) 4 0 1 1 4 4 0 1 1 1 1
Gender 1 0 0 0 0 0 0 0 0 0 0
Hispanicity 1 0 0 0 0 0 0 0 0 0 0
Two-Factor Effects 95 11 14 8 50 50 11 6 5 12 12
Age x Race (3 levels) 10 0 5 2 10 10 0 4 2 2 2
Age x Hispanicity 5 0 0 0 1 1 0 0 0 0 0
Age x Gender 5 0 0 0 1 1 0 0 0 0 0
Race (3 levels) x Hispanicity 2 0 0 0 2 2 0 0 0 0 0
Race (3 levels) x Gender 2 0 0 0 2 2 0 0 0 0 0
Hispanicity x Gender 1 0 0 0 0 0 0 0 0 0 0
State x Quarter 15 0 0 0 0 0 0 0 0 0 0
State x Age 25 0 2 3 11 11 0 0 0 0 0
State x Race (5 levels) 20 11 7 3 20 20 11 2 3 10 10
State x Hispanicity 5 0 0 0 1 1 0 0 0 0 0
State x Gender 5 0 0 0 2 2 0 0 0 0 0
Three-Factor Effects 152 94 38 29 86 86 58 27 24 44 44
Age x Race (3 levels) x Hispanicity 10 4 5 2 10 10 2 4 2 2 2
Age x Race (3 levels) x Gender 10 4 3 1 7 7 2 1 1 3 3
Age x Hispanicity x Gender 5 0 0 0 1 1 0 0 0 0 0
Race (3 levels) x Hispanicity x Gender 2 0 0 0 2 2 0 0 0 0 0
State x Age x Race (3 levels) 50 50 20 18 39 39 48 20 18 31 31
State x Age x Hispanicity 25 20 7 5 11 11 1 0 0 0 0
State x Age x Gender 25 0 0 0 0 0 0 0 0 0 0
State x Race (3 levels) x Hispanicity 10 8 3 2 10 10 1 2 2 5 5
State x Race (3 levels) x Gender 10 6 0 1 4 4 4 0 1 3 3
State x Hispanicity x Gender 5 2 0 0 2 2 0 0 0 0 0
TOTAL 267 105 53 38 142 142 69 34 30 57 57
15
0 1 2 3 4
1.
0
1.
2
1.
4
1.
6
1.
8
2.
0
log10(α)
Ax
/t
0 1 2 3 4
0.
8
1.
0
1.
2
1.
4
1.
6
1.
8
2.
0
log10(α)
Ax
/t
0 1 2 3 4
0.
0
0.
5
1.
0
1.
5
2.
0
log10(α)
Ax
/t
Figure 2: Solution path for race controls Ax relative to target values t across increasing penalty α (left to
right). Race (top), race by state (middle), race by age by state (bottom). Comparing LL1 (point controls,
solid black) and LL1N (5% interval controls, dashed blue). Exact achievement and achievement within 5%
tolerance (dotted grey and red lines).
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5 Practical Guidance
From the previous section, we have seen that the Newton solver approach works well for a moderate sized
data set (5,000+ records, and 250+ constraints). It also scales up well to larger data sets. For example a
more complex version of LL1 and LLN ran on 100,000+ records with 200+ controls in about 15 min on a
single processor thread with less than 1 GB of available RAM (Lamas et al. 2015). To reiterate, the two
main reasons for this scalability are (i) the use of the logistic deviance to automatically enforce (hundreds of)
thousands of range inequalities and (ii) the direct incorporation of sparse matrix manipulations, particularly
sparse matrix multiplication. Thus the effective sizes of the system of equations and the matrix operations
are much smaller than their nominal sizes. Since many of these controls are for sub-domains based on
categorical variables, the A matrix is relatively sparse. Using sparse matrix structures can save memory
and speed up computation significantly. In principle, quadratic programming could also make use of
this sparsity, but its incorporation is more complex. Additionally, the (hundreds of) thousands of range
restrictions would greatly increase the dimension of the system of equations.
In some applications, such as coverage adjustments for a census (Lamas et al. 2015), the required range
restrictions are quite narrow. In practice, a quadratic penalty δ2 performs poorly in this setting. It attempts
to balance all the controls at once and leads to weights that quickly (small α) hit their range boundaries
without much progress being made toward selecting individual controls. In contrast, the absolute difference
penalty is able to discriminate between competing controls and can thus progress much farther (large α)
before a large enough fraction of weights hit their range boundaries to cause numerical instability.
For any large scale system of equations, numerical stability is critical. Good starting values are es-
pecially important for Newton methods. Thus we recommend using the solution x(αk−1) and Lagrange
multiplier λ(αk−1) from the previous iteration with αk−1 = 2k−1 as starting values for the next step αk.
In the examples discussed here, a simple doubling of α seems sufficient; however, more sophisticated rules
for increasing the penalty are available (Nocedal & Wright 2006). For simplicity, our stopping rule was
fixed (α = 2m). In practice, we may keep increasing α until the procedure reaches numeric instability
and fails. Alternatively, we could stop if our current solution x(α) is a stationary point of the penalty
function δ2 (within a tolerance). Definitions of stationary points for both quadratic and absolute difference
functions are available (Nocedal & Wright 2006) and might be extended to this setting. We might also
consider informally assessing stationarity with plots of parameters λ, x, and Ax vs. α, stopping when
slopes are close to 0 for large α. For example, Figure 2 shows that controls have stabilized for the last
several iterations of α.
Another useful tool to increase stability is to set some minimum thresholds below which weights are
exactly equal to one of their boundaries and targets exactly equal to their controls. Setting weights and
targets can be done in several ways (Williams & Berg 2013, Pizzinga 2010) including setting the corre-
sponding scaling factors to 0, augmenting the equality constraints, and reducing the system of equations.
For large data sets, there is a trade-off. Creating new matrices in memory and copying values from the old
at each α iteration may not be trivial in terms of computation time, even if the resulting system is smaller
and more stable. Likely a hybrid approach that sets a criterion for when to trim down the system would
be needed.
6 Extensions and Future Work
While the above discussion and examples focus on a single step adjustment, multiple steps of sample
weight adjustment are common (e.g. NSDUH). One alternative to consider is to simultaneously adjust
for all of these components rather than using a series of adjustments (Slud et al. 2013). While the work
presented here focused on sampling weight adjustments, many of the developments and ideas overlap with
the benchmarking of model-based estimates. For example, multiple levels of benchmarking for model-based
estimates (Ghosh & Steorts 2013) may be represented by multiple penalty terms added to the objective
function in equation 1. Furthermore, recasting equality constraints as penalties can also be viewed as
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dealing with external calibration or benchmarking targets which are measured with error (Bell et al. 2012).
It is our hope the techniques presented here can also be used to enhance benchmarking methods.
The Lagrange system 3 extends naturally to include differentiable non-linear constraints such as ratios
(Williams & Berg 2013) and variances (Ghosh 1992, Datta et al. 2011), sometimes with closed form
solutions. The Newton method from Section 3.2 can be extended by iteratively updating x = h[η(x)]
which is now a function of x. Alternatively, we can iteratively apply linear constraints which approximate
non-linear ones (see Knottnerus 2003, ch 12). One example would be to model non-response propensities
directly as x = ρ ∈ [0, 1] with non-linear constraints g(x) = Ax-1 = t, which could be solved with a
two-level Newton method iterating both x and λ (Williams & Berg 2013). These non-linear methods seem
to work well for simple functions such as variances and ratios, but there is much room for investigation
and improvement.
The methods developed here and the extensions mentioned above fit into the general framework of
constrained optimization (Nocedal & Wright 2006). Although the deviances considered here are convex
and the equality constraints are linear, a formal exploration of the Karush-Kuhn-Tucker (KKT) stationarity
conditions may be fruitful, especially if we expand to some non-linear functions like variances and ratios.
It may be straight forward to show that for a given α, the stationary point x(α) is a local (or even global)
solution for the augmented system 7, but it is less clear how to interpret these conditions when evaluating
the limit of this approach (α→∞), since the original fully constrained and restricted system typically has
no solution.
Our approach implicitly assumes that the solution path x(α) is a continuous function of α. For the
special case when all constraints can be achieved, it is clearly true for quadratic deviances and penalties
4 and could be extended to other deviances. However, it is unclear what happens in the case where no
solution exists for the original problem. It is uncertain that a unique, continuous solution path x(α) is
guaranteed to exist. But it seems plausible that the approximate path generated by the procedure we
develop here can still be useful as a partial or suboptimal solution.
There are connections between these issues and path algorithms for constrained regression (Tibshirani
& Taylor 2011, Zhou & Lange 2013) and data-cloning methods for evaluating parameter identifiability (Lele
et al. 2007, 2010). In addition, the similarity in results for using the logistic deviance and quadratic pro-
gramming also suggest that large quadratic programming systems might be efficiently approximated with
the use of a logistic deviance for simple inequalities and interval penalties for more complex inequalities.
More work is needed at the intersection of these areas.
7 Conclusions
Even with the need for more research, the framework and supporting methods developed in this paper
show extensive applicability. This framework provides the flexibility to compromise in a systematic but
customizable way including the
• Use of all the popular deviance (distance) measures
• Use of range restrictions for weights
• Use of point and interval constraints (controls)
• Ability to identify and target subsets of weights and constraints which may be driving non-existence
of a solution
As discussed in Section 5, the methods scale up well to realistic data requirements.
While unique and optimal solutions are ideal, it is often desirable to consider alternatives that give useful
solutions when unique ones are not available. This distinction is relevant when applying these algorithms
to the regular production of official statistics. Having an efficient method that reduces dimensions and
points the analyst towards a manageable number of alternatives should be competitive with the current
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methods in the field which often entail highly specific prioritization of targets or complex ‘guess and check’
heuristics.
As we note in the introduction, optimization for weight construction and adjustment is only one com-
ponent of the process of making inferences from survey data. Therefore an efficient, automated process
may be preferred to time-consuming iteratively-constructed customizations. Although the working models
(deviances) described here are used extensively for survey weight adjustments, they are very simple and
may not seem adequate for other statistical modeling applications. However, this simplicity allows us to
explore the solution space and can later be replaced by more complex models once the insights from active
constraints and restrictions are better understood.
Acknowledgements: Special thanks to Lanting Dai and RTI International for assistance with the NSDUH
files.
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A Limiting results for penalized equations
Lemma 1. Define
Qα =
[
QA α
ρQB
αρQ′B αQC
]
where α > 1, ρ < 1/2, and QA and QC are invertible. Then
lim
α→∞
{
Q-1α
}
= Q-0
where
Q-0 =
[
Q-1A 0
0 0
]
.
Note that limα→∞
{
Q-1α
} 6= {limα→∞Qα}-1 since the latter is not well-defined.
Proof. By the block inversion formula
Q-1α =
[
B11 B12
B′12 B22
]
with
B11 = (QA − α2ρ−1QBQ-1CQ′B)-1
B12 = −B11QBQ-1Cαρ−1
B22 = α
-1Q-1C + α
2(ρ−1)Q-1CQ
′
BB11QBQ
-1
C
It follows that as α→∞
• for ρ < 1/2, B11 → Q-1A , B12 → 0, and B22 → 0.
• When ρ = 1/2, B11 → (QA −QBQ-1CQ′B)-1, B12 → 0, and B22 → 0.
• For ρ > 1/2, B11 → 0, B12 → 0, and B22 → 0.
Using the augmentation approach from Section 3.3, we create the following:
• Let y′ = [y′1,y′2 = t′1] and x′ = [x′1,x′2 = A1x1]
• Set Qα = 〈Q1, αQ2〉 and α > 1.
• Define the constraint Ax = A1x1 − x2, with target t = 0k. Then the constraints A = [A1, -Ik].
We now have the augmented equations:
x = h[Q-1αA
′λ]
t = A(h[Q-1αA
′λ]). (8)
As we increase the penalty α→∞, Lemma 1 shows us that the solution equations (8) converge to
x = h[Q-0A
′λ]
t = A(h[Q-0Aλ]).
(9)
From the results in Williams & Berg (2013), this is equivalent to setting x2 = t1. Since the constraint
A1x1 = x2 is also enforced, we have now induced the equality constraints A1x1 = t1.
20
References
Aitchison, J. (1982), ‘The statistical analysis of compositional data’, Journal of the Royal Statistical Society.
Series B (Methodological) 44(2), 139–177.
URL: http://www.jstor.org/stable/2345821
Albert, J. H. & Chib, S. (1993), ‘Bayesian analysis of binary and polychotomous response data’, Journal
of the American Statistical Association 88(422), 669–679.
Bates, D. & Maechler, M. (2017), Matrix: Sparse and Dense Matrix Classes and Methods. R package
version 1.2-11.
URL: https://CRAN.R-project.org/package=Matrix
Bell, W. R., Datta, G. S. & Ghosh, M. (2012), ‘Benchmarking small area estimators’, Biometrika
100(1), 189–202.
Bocci, J. & Beaumont, C. (2008), ‘Another look at ridge calibration’, Metron 66(1), 5–20.
Breidt, F. J., Opsomer, J. D. et al. (2017), ‘Model-assisted survey estimation with modern prediction
techniques’, Statistical Science 32(2), 190–205.
Chen, J. & Sitter, R. (1999), ‘A pseudo empirical likelihood approach to the effective use of auxiliary
information in complex surveys’, Statistica Sinica pp. 385–406.
Chen, J., Sitter, R. & Wu, C. (2002), ‘Using empirical likelihood methods to obtain range restricted weights
in regression estimators for surveys’, Biometrika 89(1), 230–237.
Chen, P., Dai, L., Gordekh, H., Laufenberg, J., Sathe, N., Westlake, M., Williams, M. & Hughes, A. (2016),
Section 11, person-level sampling weight calibration, in ‘2014 National Survey on Drug Use and Health:
Methodological Resource Book’, Center for Behavioral Health Statistics and Quality, Substance Abuse
and Mental Health Services Administration, Rockville, MD.
Chen, Q., Elliott, M. R., Haziza, D., Yang, Y., Ghosh, M., Little, R. J., Sedransk, J., Thompson, M. et al.
(2017), ‘Approaches to improving survey-weighted estimates’, Statistical Science 32(2), 227–248.
Cox, L. & Ernst, L. (1982), ‘Controlled rounding’, INFOR: Information Systems and Operational Research
20(4), 423–432.
Datta, G. S., Ghosh, M., Steorts, R. & Maples, J. (2011), ‘Bayesian benchmarking with applications to
small area estimation’, Test 20(3), 574–588.
Deming, W. E. & Stephan, F. F. (1940), ‘On a least squares adjustment of a sampled frequency table when
the expected marginal totals are known’, The Annals of Mathematical Statistics 11(4), 427–444.
Dempster, A. P., Laird, N. M. & Rubin, D. B. (1977), ‘Maximum likelihood from incomplete data via the
em algorithm’, Journal of the Royal Statistical Society. Series B (methodological) pp. 1–38.
Deville, J.-C. & Sa¨rndal, C.-E. (1992), ‘Calibration estimators in survey sampling’, Journal of the American
Statistical Association 87(418), 376–382.
Fan, J. & Li, R. (2001), ‘Variable selection via nonconcave penalized likelihood and its oracle properties’,
Journal of the American Statistical Association 96(456), 1348–1360.
Fetter, M., Gentle, J. & Perry, C. (2005), Calibration adjustments when not all targets can be met, in
‘Proceedings of the American Statistical Association, Survey Research Methods Section’, pp. 3031–3035.
21
Folsom, R. E. & Singh, A. C. (2000), The generalized exponential model for sampling weight calibration
for extreme values, nonresponse, and poststratification, in ‘Proceedings of the American Statistical
Association, Survey Research Methods Section’, pp. 598–603.
Ghosh, M. (1992), ‘Constrained Bayes estimation with applications’, Journal of the American Statistical
Association 87(418), 533–540.
Ghosh, M. & Steorts, R. C. (2013), ‘Two-stage benchmarking as applied to small area estimation’, Test
22(4), 670–687.
Greene, W. H. (2000), Econometric Analysis, 4th edn, Prentice-Hall, New Jersey.
Hunter, D. R. & Lange, K. (2004), ‘A tutorial on MM algorithms’, The American Statistician 58(1), 30–37.
Ireland, C. T. & Kullback, S. (1968), ‘Contingency tables with given marginals’, Biometrika 55(1), 179–188.
Isaki, C. T. & Fuller, W. A. (1982), ‘Survey design under the regression superpopulation model’, Journal
of the American Statistical Association 77(377), 89–96.
Kim, J. K. (2010), ‘Calibration estimation using exponential tilting in sample surveys’, Survey Methodology
36(2), 145.
Knottnerus, P. (2003), Sample survey theory: Some Pythagorean Perspectives, Springer-Verlag, Inc., 417
pp.
Koenker, R. & Hallock, K. F. (2001), ‘Quantile regression’, Journal of economic perspectives 15(4), 143–
156.
Lamas, A., Toppin, K., Williams, M., Young, L. & Spiegelman, C. (2015), Calibration for the census of
agriculture, in ‘Proceedings of the American Statistical Association, Survey Research Methods Section’,
pp. 1803–1808.
Lange, K., Hunter, D. R. & Yang, I. (2000), ‘Optimization transfer using surrogate objective functions’,
Journal of Computational and Graphical Statistics 9(1), 1–20.
Lele, S., Dennis, B. & Lutscher, F. (2007), ‘Data cloning: easy maximum likelihood estimation for complex
ecological models using Bayesian Markov chain Monte Carlo methods’, Ecology Letters 10, 551–563.
Lele, S., Nadeem, K. & Schmuland, B. (2010), ‘Estimability and likelihood inference for generalized linear
mixed models using data cloning’, Journal of the American Statistical Association 105, 1617–1625.
Little, R. J. (1993), ‘Post-stratification: a modeler’s perspective’, Journal of the American Statistical
Association 88(423), 1001–1012.
Little, R. & Vartivarian, S. (2005), ‘Does weighting for nonresponse increase the variance of survey means’,
Survey Methodology 31(2), 161–168.
McConville, K. S., Breidt, F. J., Lee, T. C. & Moisen, G. G. (2017), ‘Model-assisted survey regression
estimation with the lasso’, Journal of Survey Statistics and Methodology 5(2), 131–158.
Montanari, G. E. & Ranalli, M. G. (2009), Multiple and ridge model calibration for sample surveys, in
‘Proceedings of the Workshop in Calibration and Estimation in Surveys’, Statistics Canada Ottawa.
Nocedal, J. & Wright, S. (2006), Numerical Optimization, 2nd edn, Springer.
Park, M. & Fuller, W. A. (2009), ‘The mixed model for survey regression estimation’, Journal of Statistical
Planning and Inference 139(4), 1320–1331.
22
Peitzmeier, F., Hughes, A. L. & Hoy, C. E. (1988), Alternative family weighting procedures for the current
population survey, in ‘Proceedings of the American Statistical Association, Survey Research Methods
Section’, pp. 437–442.
Pizzinga, A. (2010), ‘Constrained kalman filtering: additional results’, International Statistical Review
78(2), 189–208.
R Core Team (2017), R: A Language and Environment for Statistical Computing, R Foundation for Sta-
tistical Computing, Vienna, Austria.
URL: https://www.R-project.org/
Rao, J. & Singh, A. (1997), A ridge-shrinkage method for range-restricted weight calibration in survey
sampling, in ‘Proceedings of the American Statistical Association, Survey Research Methods Section’,
pp. 57–65.
Salgado, D., Perez-Arriero, C., Herrador, M. & Arbues, I. (2012), ‘Letter to the editor: revisiting the
multipurpose property of sampling weights’, Journal of Official Statistics 28(4), 471–476.
Sa¨rndal, C.-E. & Lundstro¨m, S. (2005), Estimation in surveys with nonresponse, John Wiley & Sons.
Savitsky, T. D. & Toth, D. (2016), ‘Bayesian estimation under informative sampling’, Electron. J. Statist.
10(1), 1677–1708.
Singh, A. & Mohl, C. A. (1996), ‘Understanding calibration estimators in survey sampling’, Survey Method-
ology 22, 107–115.
Slud, E., Grieves, G. & Rottach, R. (2013), Single stage generalized raking weight adjustment in the
Current Population Survey, in ‘Proceedings of the American Statistical Association, Survey Research
Methods Section’, pp. 195–207.
Stewart, J. (2011), Multivariate Calculus, 7th edn, Brooks Cole, Belmont, California.
The´rberge, A. (2000), ‘Calibration and restricted weights’, Survey Methodology 26, 99–107.
Tibshirani, R. (1996), ‘Regression shrinkage and selection via the lasso’, Journal of the Royal Statistical
Society. Series B (Methodological) pp. 267–288.
Tibshirani, R. & Taylor, J. (2011), ‘The solution path of the generalized lasso’, The Annals of Statistics
39, 1335–1371.
Turlach, B. A. & Weingessel, A. (2013), quadprog: Functions to solve Quadratic Programming Problems.
R package version 1.5-5.
URL: https://CRAN.R-project.org/package=quadprog
Williams, M. & Berg, E. (2013), ‘Incorporating user input into optimal constraining procedures for survey
estimates’, Journal of Official Statistics 29, 375–396.
Zhou, H. & Lange, K. (2013), ‘A path algorithm for constrained estimation’, Journal of Computational
and Graphical Statistics 22(2), 261–283.
23
